Some strong convergence algorithms are introduced to solve the split common fixed point problem for quasi-nonexpansive mappings. These results develop the related ones for fixed point iterative methods in the literature.
Introduction and preliminaries
Throughout this paper, let H be a real Hilbert space with zero vector θ , whose inner product and norm are denoted by ·, · and · , respectively. The symbols N and R are used to denote the sets of positive integers and real numbers, respectively. Let K be a nonempty closed convex subset of a Banach space E and T be a mapping from K into itself. In this paper, the set of fixed points of T is denoted by F(T). The symbols → and denote strong and weak convergence, respectively.
Let T : K → K be a mapping and K a subset of a Banach space E. T is called a nonexpansive mapping if, for all x, y ∈ K , Tx -Ty ≤ x -y . T is called quasi-nonexpansive, if F(T) = ∅ and for all x ∈ K , p ∈ F(T), Tx -Tp ≤ x -p . For examples of quasinonexpansive mappings, see [] .
Let H  and H  be two real Hilbert spaces. T  : H  → H  , T  : H  → H  are two nonlinear operators with F(T  ) = ∅ and F(T  ) = ∅. A : H  → H  is a bounded linear operator. The split fixed point problem for T  and T  is to find an element x ∈ F(T  ) such that Ax ∈ F(T  ).
(.) Let = {x ∈ F(T  ) : Ax ∈ F(T  )} denote the solution set of the problem (.). The problem was proposed by Censor and Segal [] in a finite-dimensional space firstly. Next, Moudafi [] studied the problem (.) in real Hilbert spaces; this generalized the problem (.) from a finite-dimensional space to infinite-dimensional Hilbert spaces. More precisely, the following result was obtained.
Theorem M (see []) Let H  and H  be two real Hilbert spaces. Given a bounded linear operator A : H  → H  , let U : H  → H  and T : H  → H  be two quasi-nonexpansive operators with F(U) = ∅ and F(T) = ∅. Assume that U -I and T -I are demiclosed at θ . Let
{x n } be generated by
x  ∈ H  , u n = x n + γβA * (T -I)Ax n ,
x n+ = ( -α n )u n + α n U(u n ), ∀n ∈ N,
where β ∈ (, ), {α n } ⊂ (δ,  -δ) for a small enough δ > , γ ∈ (,
The following results are important in this paper. Let C be a closed convex subset of a real Hilbert space H. P C denotes a metric projection of H onto C, it is well known that P C (x) has the properties: for x ∈ H, and z ∈ C,
In a real Hilbert space H, it is also well known that
and
Strong convergence theorems
In this section, we construct some algorithms to solve the split common fixed point problem (.) for quasi-nonexpansive mappings. Assume that T  -I and T  -I are demiclosed at θ . Let x  ∈ C, C  = C, and {x n } be a sequence generated in the following manner:
where P is a projection operator and A * denotes the adjoint of A.
Proof It is easy to verify that C n is closed for n ∈ N ∪ {}. We verify C n is convex for n ∈ N ∪ {}. In fact, let v  , v  ∈ C n+ , for each λ ∈ (, ), we have
From (.) and (.) we have
Again from p ∈ , (.), and (.), it follows that
Hence, p ∈ C n and ⊂ C n for n ∈ N ∪ {}.
Notice that ⊂ C n+ ⊂ C n and x n+ = P C n+ (x  ) ⊂ C n , then
decreasing. Therefore, by the boundedness of {x n }, lim n→∞ x n -x  exists. For m, n ∈ N with m > n, from x m = P C m (x  ) ⊂ C n and (.), we have
By (.) and (.), lim n→∞ x n -x m = . So, {x n } is a Cauchy sequence.
Notice that λ( -λ A *  ) > , from (.) and (.),
Again from (.) and (.), we have
we obtain x * ∈ F(T  ).
Next, we want to show Ax * ∈ F(T  ). Since A is a bounded linear operator, we know
Thus, x * ∈ and {x n } converges strongly to x * ∈ .
The proof is completed.
Remark . If the quasi-nonexpansive mappings T  and T  are continuous, then the demiclosed property can be removed for the quasi-nonexpansive mappings T  and T  in Theorem .. Now, we consider the split fixed point problem for a finite family of quasi-nonexpansive mappings.
Lemma . (see []) Let T : H → H be a quasi-nonexpansive mapping, and set T
α := ( - α)I + αT for α ∈ (, ]. Then T α x -p ≤ x -p -α( -α) Tx -x , p ∈ F(T) and x ∈ H. Moreover, F(T α ) = F(T).
Lemma . Let T  , T  : H → H be two quasi-nonexpansive mappings and set S ξ
 := ( - ξ  )I + ξ  T  and S ξ  := ( -ξ  )I + ξ  T  for ξ  , ξ  ∈ (, ). Again let S = τ S ξ  + ( -τ )S ξ  for τ ∈ (,
). Then S is a quasi-nonexpansive mapping, and F(S)
Proof () It is easy to verify that
So, S is a quasi-nonexpansive mapping. The proof is completed.
is a quasi-nonexpansive mapping, and F(S)
Proof Using mathematical induction, Lemma . is obtained by Lemma ..
Theorem . Let H  and H  be two real Hilbert spaces. C is a nonempty closed convex subset of H  and K a nonempty closed convex subset of H
Assume that T i -I (i = , , . . . , k) and G j -I (j = , , . . . , l) are demiclosed at θ . Let x  ∈ C, C  = C, and {x n } be a sequence generated in the following manner:
where P is a projection operator and A * denotes the adjoint of A,
Moreover, T and S are quasi-nonexpansive mappings. Next, we want to prove T -I and S -I are demiclosed at θ . By the hypothesis, T i -I (i = , , . . . , k) and G j -I (j = , , . . . , l) are demiclosed at θ . So,
Thus, by Theorem ., we obtain the desired result. The proof is completed. 
where P is a projection operator and A * denotes the adjoint of A, Assume that T i -I (i = , , . . . , k) and G j -I (j = , , . . . , l) are demiclosed at θ . Let x  ∈ H  , C  = H  , and {x n } be a sequence generated in the following manner: 
Corollary . Let H be a real Hilbert space. C is a nonempty closed convex subset of H. T  : C → H and T  : H → H are two quasi-nonexpansive mappings with := F(T  )∩F(T  ) = ∅.
Assume that T  -I and T  -I are demiclosed at θ . Let x  ∈ C, C  = C, and {x n } be a sequence generated in the following manner:
where P is a projection operator. 
Corollary . Let H be a real Hilbert space. C is a nonempty
where P is a projection operator.
then the sequence {x n } converges strongly to an element q ∈ .
If C = H := H  = H  and A is an identity operator, then we have the following results by Corollaries . and ., respectively.
Corollary . Let H be a real Hilbert space. T  , T  : H → H are two quasi-nonexpansive mappings with := F(T  ) ∩ F(T  ) = ∅. Assume that T  -I and T  -I are demiclosed at θ .
Let x  ∈ C, C  = C, and {x n } be a sequence generated in the following manner: 
Remark . The coefficient condition that {α n } ⊂ (δ,  -δ) for a small enough δ >  in Theorem M is replaced with {α n } ⊂ (, η] ⊂ (, ). This shows we can let α n =  n+ in this paper, which is a natural choice.
Further generalization of the problem (1.1)
In Section , we gave a strong convergence algorithm for the problem (.). By the algorithm, we also considered the split solution problem for two finite families of quasinonexpansive mappings; see the algorithm (.). However, the algorithm (.) has an obvious drawback, in that the algorithm (.) will be invalid for two countable families of quasi-nonexpansive mappings. So, in this section, we introduce an algorithm for the split solution problem of two countable families of quasi-nonexpansive mappings. The following lemma can be found in [] .
Lemma The unique solutions to the positive integer equation
where [x] denotes the maximal integer that is not larger than x. 
Theorem . Let H  and H  be two real Hilbert spaces. C is a nonempty closed convex subset of H
and m ≥ i n for n = , , . . . . Then the sequence {x n } converges strongly to an element q ∈ .
Proof Just like the proof in Theorem ., we can obtain the following facts (I)-(IV):
We have ⊂ C n for n ∈ N ∪ {}. C n is also closed and convex for n ∈ N ∪ {}.
(III) {x n } is a Cauchy sequence and
, m ≥ i n , and m ∈ N for n = , , . . . , and the definition of K i , we have i k ≡ i for k ∈ K i . Obviously, {k} is a subsequence of {n}. Thus, for k ∈ K i and i ∈ N, it follows from (.) that
Next, we want to prove Ax * ∈ F(G i ). Since A is a bounded linear operator, Ax n -
Thus, x * ∈ and {x n } converges strongly to x * ∈ . The proof is completed. 
. .) and G j -I (j = , , . . .) are demiclosed at θ . Let x  ∈ C, C  = H  , and {x n } be a sequence generated in the following manner:
where P is a projection operator and A * denotes the adjoint of A, 
Conclusion
() We give strong convergence algorithms for the split common fixed point problem of quasi-nonexpansive mappings. Our results improve and generalize some well-known results in [, ] and so on. () Although Theorem . gives a strong convergence algorithm for two countable families of quasi-nonexpansive mappings, the condition that each mapping must be demiclosed at θ is very strong. In addition, we guess the speed of convergence is not too fast for the algorithm (.). Therefore, the algorithm (.) should be improved further in the future. () The split common solution problem is a very interesting topic. It has received attention by many scholars. Many research articles have been published, for example, [-] and references therein.
